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SPECIAL VALUES OF PARTIAL ZETA FUNCTIONS OF REAL
QUADRATIC FIELDS AT NONPOSITIVE INTEGERS AND
EULER-MACLAURIN FORMULA
BYUNGHEUP JUN AND JUNGYUN LEE
ABSTRACT. We compute the special values at nonpositive integers of
the partial zeta function of an ideal of a real quadratic field applying
an asymptotic version of Euler-Maclaurin formula to the lattice cone
associated to the ideal considered. The Euler-Maclaurin formula in-
volved is obtained by applying the Todd series of differential opera-
tors to an integral of a small perturbation of the cone. The additive
property of Todd series w.r.t. the cone decomposition enables us to
express the partial zeta values in terms of the continued fraction of
the reduced element of the ideal. The expression obtained uses the
positive continued fraction which yields a virtual decomposition of
the cone.
We apply the expression to some indexed families of real quadratic
fields satisfying certain condition on the shape of the continued frac-
tions. The families considered include those appeared in [20] and
[21] as well as the Richaud-Degert types. We show that the partial
zeta values at a given nonpositive integer ´k in the family indexed
by n is a polynomial of n.
Finally, we compute explicitly the polynomials producing the par-
tial zeta values at s “ ´k for small k of some chosen families and
compare these with some previously known results.
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1. INTRODUCTION
Let K be a number field of the extension degree rK : Qs “ r1 ` 2r2,
where r1 and r2 denote respectively the number of real and complex
embeddings of K . The Dedekind zeta function
ζKpsq “
ź
p:prime ideal in K
1
1´ Np´s
is encoded with many interesting arithmetic properties of K . In particu-
lar, the residue at s “ 1 is associated to the class number hK of K by the
class number formula:
Ress“1 ζKpsq “
2r1p2πqr2RKhK
ωK
a
|DK |
,
where RK is the regulator, ωK is the number of roots of 1 in K and DK
is the discriminant. This has been the starting point of most studies of
class numbers.
The simplest is the case of imaginary quadratic fields where the reg-
ulator appears to be trivial. In [13], Gauss listed 9 imaginary quadratic
fields of class number 1 and conjectured that the list is complete. Later
on this had been studied through 20th century and is now quite well
understood and solved by works of Heegner, Stark, Goldfeld and several
others(eg. [1], [17], [31], [15], [16], [18], [31] and [32]).
The case of real quadratic fields is more complicated due to the pres-
ence of nontrivial regulator. It is also conjectured by Gauss that there
are infinitely many real quadratic fields of class number one. But since
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the regulator is far from being controlled in relation to the discriminant,
and there has been no essential progress to the proof of the conjecture.
Instead of treating the whole real quadratic fields, people considered
some families of real quadratic fields where the regulators are controlled
in relation to the discriminant. The most well-known family of this kind
is the Richaud-Degert type: A Richaud-Degert type is defined by
dpnq “ n2˘ r
for r|4n and ´n ă r ď n. For r fixed as above, the family tKnu of real
quadratic fields is called R-D type. In this case, we have a bound of the
regulator RKn:
RKn ă 3 log
b
DKn
As in imaginary quadratic case, a well-known estimation of Siegel Lp1,χDq „
|D|´ε together with the class number formula implies that there are only
finitely many R-D type fields of class number one. Assuming the gener-
alized Riemann hypothesis, the class number one problems have been
solved for many subfamilies in R-D type.
It is quite recent that Biró first obtained an Riemann hypothesis free
answer to the class number one problem for the families Kn “Qp
?
n2` 4q
and Kn “ Qp
?
4n2` 1q in a series of papers([2], [3]). He investigated
the behavior of the special values of the partial Hecke L-functions at
s “ 0 in the family. The partial Hecke L-function of an ideal a is defined
for a ray class character χ as
Lps,a,χq :“
ÿ
b„a
χpbq
Nbs
.
He discovered that the special values behave in a packet of linear forms
whose coefficients are easily computed for the family pKn,OKn ,χn :“ χ ˝
NKn{Qq for a Dirichlet character χ. This property is named the linearity.
Inspired by Biró’s pioneering work, in [5], [6], [25] and [26] the
linearity is observed for more general families of Richaud-Degert types
and the class number one and two problems have been answered for
these.
In [20], we found a sufficient condition to yield the linearity of the
Hecke L-values at s “ 0. Namely, for families of integral ideals tbn in
Knu such that b´1n “ r1,ωpnqs :“ Z1 ` Zωpnq, where ωpnq has purely
periodic positive continued fraction expansion of a fixed period r
ωpnq “ rra0pnq, a1pnq, ¨ ¨ ¨ , ar´1pnqss
and NpbnqNpxωpnq ` yq “ b0pnqx2 ` b1pnqx y ` b2pnqy2 for aipnq and
bipnq being integer coefficient linear forms in n. In this setting we have,
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for n“ qk`r with 0ď r ă q and for a Dirichlet character χ of conductor
q, the L-value at s “ 0
LKnp0,χ ˝ NKn ,bnq “
1
12q2
´
Aχprqk` Bχprq
¯
with Aχprq, Bχprq P Zrχs where Zrχs denotes the extension of Z by the
values of χ.
In [21] we obtained a higher degree generalization of the linearity for
ray class partial zeta values. Let ωpnq be the Gauss’ reduced element of
bn. If we allow the coefficient aipnq of the continued fraction of ωpnq to
be polynomial of degree d, then the partial zeta value at s “ 0 of a mod-
q ray class ideal pC ` Dωpnqqbn in the class of bn is a quasi-polynomial
in n:
ζqp0, pC ` Dωpnqqbnq “
1
12q2
`
A0prq `A1prqk` ¨ ¨ ¨ ` Adprqkd
˘
with Aiprq P Z(for precise definition, we refer the reader to loc.cit.). In
particular, if we take d “ 1 and sum the ray class zeta values twisted
by χn, one can recover the linearity of the partial Hecke L-values. For
d ą 1, the same process concludes the polynomial behavior of the partial
Hecke values at s “ 0.
The purpose of this article is to generalize our earlier work to spe-
cial values at every nonpositive integer of the ideal class partial zeta
functions under the same assumption for the family pKn,bnq. We assume
again b´1n “ r1,ωpnqs whereωpnq has purely periodic continued fraction
expansion of fixed period r:
ωpnq “ rra0pnq, a1pnq, ¨ ¨ ¨ , ar´1pnqss
such that and NpbnqNpxωpnq ` yq “ b0pnqx2 ` b1pnqx y ` b2pnqy2 for
aipnq and bipnq being integer coefficient polynomials. For the next two
theorems, let ℓ be the even period of ωpnq (hence independent of n and
ℓ“ 2r(reps. r) if r is odd(reps. even)).
Our main result in this paper is as follows:
Theorem 1.1. Let N be a fixed subset of N. Suppose pKn,bnq satisfies the
above condition for every n P N. Then the special value of the partial zeta
function of bn at s “´k for k “ 0,1,2, ¨ ¨ ¨ , is given by a polynomial in n:
ζKnp´k,bnq “ A0`A1n` A2n2` . . .` Amnm
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of degree bounded by m “ kC ` D with the coefficients Ai P 1CkZ, where C,
D and Ck are given as follows:
C “ 2degαℓ´1` deg b1
D “ max
0ďiďr´1
tdeg aiu
and
Ck “ LCM of!
the denominators of
Bi`1B2k`1´i
pi` 1qp2k` 1´ iq and
B2k`2
p2k` 2qp2k` 1q
ˆ
2k
i
˙´1)
0ďiďk
.
Our main theorem is a direct consequence of the following estimation
of the partial zeta values of an ideal b in a real quadratic field K .
Let b be an integral ideal such that b´1 “ r1,ωs for ω ą 1 and 0 ă
ω1 ă 1. Let αi,βi are coordinates of some lattice vectors determined by
(the continued fraction of) ω. In particular, αℓ´1ω`βℓ´11 is the totally
positive fundamental unit of K “ Kn. See Sec.6 for details. As usual, Bi
denotes the i-th Bernoulli number.
Theorem 1.2. Let b be an ideal of a real quadratic field K such that b´1 “
r1,ωs where ω“ rra0, a1, . . . , ar´1ss. Then we have
ζp´k,bq “
l´1ÿ
i“0
p´1qi´1LkpBh1,Bh2qQpαih1´αi´1h2,βih1´ βi´1h2qk
` B2k`2p2k` 2q!
l´1ÿ
i“0
p´1qiaℓ´iRkpBh1,Bh2qQpαi´2h1`αih2,βi´2h1` βih2qk
In the above, Lk and Rk are the homogeneous polynomials of degree
2k:
LkpX ,Y q “
2k`1ÿ
i“1
Bi
i!
B2k`2´i
p2k` 2´ iq!X
i´1Y 2k´i`1,(1.1)
RkpX ,Y q “ X 2k ` X 2k´1Y ` ¨ ¨ ¨ ` Y 2k.(1.2)
It is not surprising that this behavior of the partial zeta or L-values is
related to the pattern of the continued fractions in the family if we note
that the Shintani cone decomposition arises in relation to the continued
fraction. The significance of this fact lies on that for real quadratic fields,
the regulator is controlled not only by the discriminant but also by the
period r of the positive continued fraction of the reduced element ω in
K . This is due to the following well-known upper bound:
RK ď r log
a
DK .
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Study of special values of zeta or L-functions goes back to Euler. Euler
evaluated ζp´kq for k “ 0,1,2, . . ., by using Euler-MacLaurin summa-
tion formula(cf. [8]). Later on, Siegel computed the values at non-
positive integers of ζKpb, f, sq the ray class partial zeta function for an
ideal b in a totally real number field K w.r.t. a conductor f based on
the theory of modular forms([30]). Shintani established a combinato-
rial description of the zeta values at nonpositive integers([29]). Beside
the complicated contour integral, Shintani’s method is a reminiscence
of Euler’s. Similar approach was taken independently by Zagier in his
evaluation of the partial zeta functions of real quadratic fields at non-
positive integers([34]). Actually, the Shintani’s method has a strength
over Siegel’s that it is ready to use in p-adic interpolation in case of to-
tally real fields via Cartier duality. This view was clarified by Katz in
[24].
Our evaluation is along with the line of Shintani and Zagier. We will
apply a version of Euler-Maclaurin summation formula due to Karshon-
Sternberg-Weitsman([22]). In loc.cit., they made a version of Euler-
Maclaurin formula taking care of the remainder term, so that one can
apply this to expand asymptotically a function given as summation of ex-
ponentials. Since one side of the Euler-Maclaurin formula is application
of appropriate version of Todd differential operator, the decomposition
of Shintani cone is reflected additively due to the additivity of the Todd
series under cone decomposition(See SS.4.4.).
Similar computation was done by Garoufalidis-Pommersheim([12]).
They applied the Euler-Maclaurin summation formula of Brion-Vergne([4])
to obtain the asymptotic expansion. Brion-Vergne’s formula is exact sum-
mation on the lattice points inside a simple polytope valid for polynomi-
als or polynomials in exponentials of linear forms. They took the Shin-
tani cone as the cone over a lattice polytope and varied the size inside
the cone. In their treatment, the exact and the error terms are consid-
ered separately. The formula of Brion-Vergne is applied to the exact term
and the error term is shown to be appropriately bounded.
Our method differs from that of Garoufalidis and Pommersheim in
two directions: First, we used positive continued fraction while they
took negative continued fractions. Basically, via the transition formula
between positive and negative continued fractions, they contain more or
less the same information of the ideal. But as is pointed at the beginning,
it is important to note that the period of the two continued fractions have
no control on each other. As the regulator is concerned, it is better to
express the zeta values using the terms of the positive continued frac-
tion. Nevertheless, our earlier work has been made via translation of
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the terms of the positive continued fraction into those of negative con-
tinued fraction. Hence the direct use of the positive continued fraction
significantly reduces the amount of the computations needed. While the
negative continued fraction yields an actual cone decomposition, the
positive continued fraction gives rise to a virtual cone decomposition. In
fact, the cone decomposition appeared at first to be a fan in toric geom-
etry where no virtual decomposition is allowed to define a toric variety.
The Todd additivity can be simply extended to virtual decompositions
if we take care of the orientation of the cone and take it as the sign of
the Todd series. Second, we make a direct use of the Euler-Maclaurin
formula of Karshon-Sternberg-Weitsman. Since the exponentials in our
case is of Schwarz class toward the infinity of the cone to evaluate. Thus
both sides of the Euler-Maclaurin formula make sense and we have more
transparent proof. In addition, Karshon-Sternberg-Weitman’s version of
Euler-Maclaurin has advantage over Brion-Vergne’s in that no limitation
on the function to integrate while Brion-Vergne’s, since the former can
be applied to wider range of functions.
Again, some part of the computation is similar to what had been done
by Zagier([34]). He obtained the partial zeta values at non-positive
integers again by decomposition of the underlying cone of the zeta sum-
mation according to the negative continued fraction together with the
Euler-Maclaurin formula. One should note that this decomposition ap-
pears in the dual side while the additive decomposition of the Todd dif-
ferential operator is taken in this paper and [12]. It was already pointed
out in [12] as “M-additivity” to “N-additivity”. One could ask direct
application of Zagier’s method with the cone decomposition from the
positive continued fraction. Unfortunately, in this setting, the both sides
of Euler-Maclaurin formula don’t make sense but need certain renormal-
ization process to avoid operations with infinity. In our setting, this is no
problem as the domain of integration remains the same while the cone
decomposition is reflected to the Todd differential operator.
The plan of this paper is as follows: First, we rewrite the partial zeta
function of an ideal as a zeta function of a quadratic form weighted by a
fundamental lattice cone of the Shintani decomposition(Sec. 2). We re-
call a standard asymptotic method to evaluate the zeta values at nonpos-
itive integers and rebuild a version of Euler-Maclaurin formula (Sec.3-
4). Then we apply this Euler-Maclaurin formula to obtain an expression
of the zeta values and another expression after the cone decomposition
arising from the positive continued fractions(Sec.5-7). The partial zeta
values at s “ 0,´1,´2 are explicitly computed using our method and
compared with previously known results(Sec.8). Sec.9, which is tech-
nical and similar to the computation by Zagier([34]), is devoted to the
8 BYUNGHEUP JUN AND JUNGYUN LEE
proof of vanishing of a part skipped in the previous sections. Finally,
we apply this to some families of real quadratic fields to prove our main
theorem(Thm.1.1) and the polynomials are explicitly computed out for
some families and for some small k(Sec.10).
2. PARTIAL ZETA FUNCTION OF REAL QUADRATIC FIELDS
2.1. Partial zeta function. Let K be a real quadratic field and b be an
ideal. Through out this article, by partial zeta function, we mean the
partial zeta function of an ideal class in narrow sense. The partial zeta
function of an ideal b is defined as
ζps,bq :“
ÿ
a„b
a:integ ral
Npaq´s
where a„ b means b“ αa for totally positive α in K . This infinite series
defines a holomorphic function in the region Repsq ą 1 of the complex
plane and has a meromophic continuation to the entire complex plane.
Since for an integral ideal a in the narrow class of b there exists totally
positive element a P b´1 such that a “ ab and vice versa, we can write
again
ζps,bq “
ÿ
rasPpb´1q`{E`
Npabq´s,
where pb´1q` denotes the set of totally positive elements of b´1 and
E` “ E`K denotes the group of totally positive units of K . Now we are
going to describe the summation as taken inside the Minkowski space of
K . Let pι1, ι2q be two real embeddings of K . Let us denote the Minkowski
space of K by
KR “ K bQ R “ Kι1 ˆ Kι2
Then one can identify an ideal c with a lattice of KR given by its image
under the diagonal embedding of K into KR:
ι “ pι1, ι2q : K Ñ KR, pιpaq ÞÑ pι1paq, ι2paqq
This is a full lattice in the Minkowski space.
E`K acts on the 1st quadrant of KR by coordinate-wise multiplication
after the diagonal embedding. Let ε be the totally positive fundamental
unit of K . A fundamental domain of this action is given as a half-open
cone FK of KR with basis tιp1q, ιpεqu:
FK “ txιp1q ` yιpεq P R2|x ě 0, y ą 0u.
For an ideal a of K or a lattice Λ of KR, we denote its intersection with
FK by FKpaq or FKpΛq, respectively.
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ιp1q
ιpεq
KR
FK
FIGURE 1. A fundamental cone of E`-action
For ras P pb´1q`{E`, there is a unique representative a chosen in
FKpb´1q. Thus we have
ζps,bq “
ÿ
aPFK pb
´1q
Npabq´s.
2.2. Zeta function of 2-dimensional cones. Consider the standard lat-
tice M :“ Z2 in R2. Let Qpx , yq “ ax2` bx y ` c y2 be a quadratic form.
For two linearly independent vectors v1, v2, let σpv1, v2q be the cone in
R2 as the convex hull of the two rays R`v1, R
`v2:
σpv1, v2q :“ tx1v1` x2v2 | x i ą 0 for i “ 1,2u.
For simplicity, we write σ instead of σpv1, v2q if v1, v2 is clear from the
context. Following our convention on cones, the origin is not contained
in σ.
Define a weight function wtσ with respect to σ as follows:
(2.1) wtσpℓq “
$’&
’%
1 ℓ P intpσq
1
2
ℓ P Bpσq ´ p0,0q
0 otherwise
This strange weight is justified via identification of the partial zeta
function with the zeta function of a lattice cone that will be defined
soon below. The partial zeta function is a sum over the points of FKpb´1q.
Since the two edges of FK are related by the multiplication of the totally
positive unit, the summands over both edges coincide. When we take FK
as half-open cone, this repetition is automatically removed. Equivalently,
we may apply this weight function so that the total contribution over an
orbit equals 1. The choice of assigning 1{2 to each edge will be found
useful when we apply the Euler-Maclaurin formula to the cone.
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For σ and a quadratic form Qp´q satisfying Qpvq ą 0 for v P σ, we
define a zeta function as the following series on Repsq ą 1:
ζQps,σq :“
ÿ
mPM
wtσpmq
Qpmqs .
2.3. Comparison of zeta functions. One can choose b as an integral
ideal in the same class such that b´1 “ r1,ωs for r1,ωs being the free
Z-module generated by 1 and ω. Taking ιp1q, ιpωq as basis of KR, we
have trivialization
KR » R2 and ιpb´1q » M “ Z2.
Here, we fix the order of the basis such that x ` yω reads py, xq in R2.
From the reduction theory of quadratic forms, we have a privileged
choice of ω such that
ι1pωq ą 1,´1ă ι2pωq ă 0.
Then the totally positive fundamental unit ε belongs to b´1 and ε “
p` qω for a pair pp,qq of relatively prime positive integers.
Let σ be lattice cone generated by p0,1q and pq, pq, which corresponds
to FK . One should be aware that this identification depends on b and the
choice of ω. Then we have for an integral ideal a “ ab with a totally
positive in K
Npaq “ Npmω` nqNpbq “Qpm,nq,
for a “ mω` n P FKpb´1q. Thus we have the following identification of
zeta functions:
Lemma 2.1. Let Qpm,nq “ Npmω` nqNpbq and σ be a cone defined as
above. Then we have
ζps,bq “ ζQps,σq.
3. EULER-MACLAURIN FORMULA AND ZAGIER’S ASYMPTOTICS
In the previous section, we have identified the partial zeta function
of an ideal as a zeta function of a quadratic form defined over a lattice
cone.
To evaluate the values at nonpositive integers, we will apply Zagier’s
asymptotic method to the exponential series associated to the zeta func-
tion of quadratic form running over the lattice points of the considered
cone. The coefficients of the asymptotic expansion of the exponential
series which will be obtained via Euler-Maclaurin formula are the zeta
values at nonpositive integers up to some simple factors.
We first recall the asymptotic method of Zagier then state the appro-
priate Euler-Maclaurin formula for our case.
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3.1. Zagier’s asymptotic method. For a Dirichelet series of the follow-
ing form
ζ
∆
psq :“
ÿ
λ
aλ
λs
, tλu Ă R`, λÑ8,
if meromophically continued to the entire complex plane, there is a fairly
standard approach to evaluate the values at nonpositive integers.
If
ř
λ aλe
´λt has asymptotic expansion
ř8
i“´1 ci t
i at t “ 0, then ζ
∆
psq
has meromorphic continuation to entire complex plane and
ζ∆p´nq “ p´1qnn!cn
for a nonnegative integer n(See Prop.2 in [34]).
Let Qp´q be a quadratic form and σ be a lattice cone such that Q|σ is
positive. The Dirichlet series defining the zeta function of pQ,σq yields
the following exponential sum
(3.1) Ept ,Q,σq :“
ÿ
ℓPσXM
wtσpℓqe´Qpℓqt ,
where wtp´q is the weight function defined for σ in Sec. 2.
The asymptotic expansion of the above exponential series will be com-
puted after we state the appropriate version of Euler-Maclaurin formula
with remainder for σ and the weight in consideration.
4. EULER-MACLAURIN FORMULA FOR 2-D CONES
4.1. Twisted Todd and L-series. Let λ be an N -th root of 1. We define
a λ-twist of the classical Todd series.
ToddλpSq “ S
1´λe´S
When λ “ 1, this is the classical Todd series. This version of Todd series
is used in [4] where they take the sum of the values of a function at the
lattice points (strictly) inside of a simple lattice polytope.
As we use weight 1{2 on the boundary rays of a cone, another variant
of the Todd series with λ-twist is defined as follows: for λ a root of unity,
LλpSq “ S
2
1`λe´λ
1´λe´λ “
S
1´λe´S ´
S
2
.
We call this the λ-twisted L-series. This fits well to the case when we put
the weight p1{2qcod on a face, where ‘cod’ denotes the codimension of the
face. This is used in [22] in their version of Euler-Maclaurin formula.
For λ “ 1, L1pSq is nothing but the even part of ToddpSq. Similarly to
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the case of Todd series, the series expansion at S “ 0 of LλpSq is given
as
LλpSq “ p1
2
´ λ
1´λqS`Q2,λp0qS
2`Q3,λp0qS3` ¨ ¨ ¨ `Qk,λp0qSk ` ¨ ¨ ¨ ,
where Q i,λpxq is a (generalized) function of period N for i “ 0,1,2, ¨ ¨ ¨
defined as follows.
For m “ 0,
(4.1) Q0,λpxq :“´
ÿ
nPZ
λnδpx ´ nq.
For m ą 1, Qm,λpxq is an indefinite integral of Qm´1,λpxq with an integral
constant fixed by the boundary value condition
(4.2)
ż N
0
Qm,λpxqdx “Qm`1,λpNq ´Qm`1,λp0q “ 0.
Thus we have
d
dx
Qm,λpxq “Qm´1,λpxq and
ż N
0
Qm,λpxqdx “ 0.
Note that we are taking these Qm,λ for m ě 0 as distributions on
L1c pr0,`8qq. Q1,λ is continuous and Qm,λ is Cm´1-function for m ě 2.
These generalize the periodic Bernoulli functions appearing in some lit-
eratures on analytic continuation of the Riemann zeta function using the
Euler-Maclaurin formula(eg. [8]).
4.2. Todd series of 2-dimensional cone. Let M “ Z2 Ă R2 be a fixed
lattice. Recall that a lattice cone is the convex hull of two rays generated
by lattice vector. We may assume the generating vectors of a cone are
primitive(i.e. not a multiple of other lattice vector in the same ray). For
two linearly independent primitive lattice vectors v1, v2, let σpv1, v2q be
the cone generated by v1 and v2. When v1, v2 are clear from the context,
we will simply write σ intend of σpv1, v2q. When there appear several
cones, they will be denoted by σ,τ . . . or σ1,σ2,σ3, . . .. Since we will
be concerned with surface integral over a 2-dimensional cone the order
of the basis vectors (ie. the orientation of the cone) is important. So
σpv1, v2q is never equal to σpv2, v1q. Taking v1, v2 as column vectors in
Z2, we associate a nonsingular p2ˆ 2q-matrix
Aσ “ pv1, v2q
to a lattice cone σ “ σpv1, v2q. Conversely, if a p2 ˆ 2q-nonsingular
matrix A with integer coefficient has column vectors v1, v2 which are
primitive, we can associate a unique lattice cone. A cone is said to be
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nonsingular if the matrix is in GL2pZq. Equivalently, σ is nonsingular iff
detpAσq “ ˘1.
Remark 4.1. In literatures on polytopes or toric geometry, a cone is said
to be simple if it is generated by n-linearly independent rays in Rn. In this
article, as we are considering only 2 dimensional cones, every cone is simple
unless degenerate.
Let Mσ be the sublattice of M generated by v1, v2 and Γσ be M{Mσ.
An element g P Γσ can be written as
g “ aσ,1pgqv1` aσ,2pgqv2
for rational numbers aσ,1pgq, aσ,2pgq modulo Z. This is given ambigu-
ously but yields two well-defined characters
χσ,i : g ÞÑ e2πiaσ,i pgq, for i “ 1,2.
The Todd power series for a cone σ is defined as
Toddσpx1, x2q :“
ÿ
gPΓσ
Toddχσ,1pgqpx1qToddχσ,2pgqpx2q.
Similarly, we define the L-series for σ as
Lσpx1, x2q :“
ÿ
gPΓσ
Lχσ,1pgqpx1qLχσ,2pgqpx2q.
These are used in the Euler-Maclaurin formula of [4] and [22], re-
spectively. For a 2-dim cone σ, the Todd and the L-series are related in
the following manner:
Lemma 4.2.
Lσpx1, x2q “ Toddσpx1, x2qeven´
|Γσ|
4
x1x2,
where Toddσpx1, x2qeven denotes the even part of Toddσpx1, x2q under px1, x2q ÞÑ
p´x1,´x2q.
Proof. From the definition of LλpSq, we have
LλpSq “ Lλ´1p´Sq.
Let λγ,i :“ e2πi〈αi ,γ〉 “ χσ,ipγq for i “ 1,2. Then we have
2Toddeven
σ
px1, x2q “Toddσpx1, x2q ` Toddσp´x1,´x2q
“
ÿ
γPΓσˇ
2ź
i“1
´
Lλγ,i px iq `
x i
2
¯
`
ÿ
γPΓσˇ
2ź
i“1
´
Lλγ,i p´x iq´
x i
2
¯
“2Lσpx1, x2q`
|Γσ|
2
x1x2
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This finishes the proof.

We say two cones σ1 and σ2 are similar if
AAσ1 “ Aσ2
for A P GL2pZq. In this case, A induces an isomorphism of Mσ1 in Mσ2 ,
which descends to isomorphism of Γσ1 in Γσ2 . Since this isomorphism
takes the lattice generators of σ1 to those of σ2, the two characters are
preserved. A priori the Todd series of two cones coincide.
Proposition 4.3. For two similar cones σ and τ, we have
Toddσpx1, x2q “ Toddτpx1, x2q.
Proof. Clear. 
One should be aware that this is not the similarity of the matrices in
linear algebra. σpv1, v2q and σpv2, v1q are not similar in general.
4.3. Dual cone and its lattice. Let N :“ HompM ,Zq be the dual lattice
of M . N is a lattice in the vector space NR :“ N bR. Using the standard
inner product


x , y

we will often identify N and M . Associated to a
lattice cone σ in M , its dual cone σˇ is defined as
σˇ :“ ty P NR´ 0|


y, x
ě 0u
As the orientation is concerned, σˇ is endowed with the orientation given
by transpose of the matrix of σ. Notice that σˇ is again a lattice cone
generated by two primitive lattice vectors inward and normal to σ. To
σˇ, there are two lattices naturally associated. Mσˇ is the sublattice of
M “ N generated by the primitive lattice vectors of σˇ. Note that this
coincides with the definition of Mσ in 4.2. Nσˇ :“ HompMσ,Zq is a lattice
in NR generated by dual vectors α1,α2 to v1, v2 if σ “ σpv1, v2q (ie.¬
αi, v j
¶
“ δi j). These are related by the following inclusion relation:
Mσˇ Ă M “ N “ Z2 Ă Nσˇ
4.4. Euler-Maclaurin formula for 2-d cones. Let Lk,λpSq be the trun-
cation of LλpSq below degree k:
Lk,λpSq “ p1
2
` λ
1´λqS`Q2,λp0qS
2` ¨ ¨ ¨ `Qk,λp0qSk.
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For a cone σ, define a weight function as
wtKSW
σ
pxq “
$’’’&
’’’%
1 x P intpσq,
1{2 x P Bσ´ 0,
1{4 x “ 0,
0 otherwise
Then the Euler-MacLaurin formula (with remainder) à la Karshon-Sternberg-
Weitsman in [22] applied to f pxq evaluates the summation of the values
of f pxq on the lattice points of σ w.r.t. wtKSW
σ
.
Theorem 4.4 (Karshon-Sternberg-Weitsman[22]). Letσ be a lattice cone
such that
σˇ “ σˇpu1,u2q for ui P Z2.
Let αi be a dual basis of ui(ie.
¬
αi,u j
¶
“ δi j) and λγ,i :“ e2πi〈γ,αi〉 for
i, j “ 1,2. Let
σphq “ tx P R2|
¬
x ,ui
¶
ě´hi, for i “ 1,2u
for h “ ph1,h2q P R2. Suppose f is a smooth integrable function on σphq
for some h P pR`q2. Assume further that f is rapidly decaying toward the
infinity of σ. Then we haveÿ
xPσXZ2
wtKSW
σ
pxq f pxq “
ÿ
γPΓσˇ
´ 2ź
i“1
Lk,λγ,ipBhiq
¯ż
σphq
f pxqdx
ˇˇˇ
h“0
` Rσk p f q.
where
Rσk p f q “
1
|Γσˇ|
ÿ
γPΓσˇ
ż 8
0
ż 8
0
Qk,λγ,2px2qBkx2Qk,λγ,1px1qB
k
x1
f px1α1` x2α2qdx1dx2
` 1|Γσˇ|
ÿ
γPΓσˇ
p´1qk´1
ż 8
0
ż 8
0
Qk,λγ,2px2qBkx2 L
k,λγ,1p´Bx1q f px1α1` x2α2qdx1dx2
` 1|Γσˇ|
ÿ
γPΓσˇ
p´1qk´1
ż 8
0
ż 8
0
Qk,λγ,1px1qLk,λγ,2p´Bx2qBkx1 f px1α1` x2α2qdx1dx2.
In the above theorem, the summation is weighted with wtKSW
σ
. Now
we come to the same theorem with the weight changed to wtσ in (2.1)
for our purpose.
Corollary 4.5. With the same notations as in Thm.4.4, we have thatÿ
xPσXZ2
wtσpxq f pxq “
” ÿ
γPΓσˇ
´ 2ź
i“1
Lk,λγ,ipBhiq´
1
4
Bh1Bh2
¯ıż
σphq
f pxqdx
ˇˇˇ
h“0
`Rσk p f q.
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Proof. This comes from the following observation:
f p0,0q “ Bh1Bh2
ż 8
´h2
ż 8
´h1
f pα1x1`α2x2qdx1dx2
ˇˇˇ
h“0
“ |Γσˇ|Bh1Bh2
ż
σphq
f pyqd y
ˇˇˇ
h“0
.
and ÿ
xPσXZ2
wtσpxq f pxq “
ÿ
xPσXZ2
wtKSW
σ
pxq f pxq´ 1
4
f p0,0q.

4.5. Asymptotic expansion. For λ “ e2πi jN an N -th root of 1 and k ě
2, from the periodicity one sees that Qk,λpxq is a bounded continuous
function. Since we are assuming that f decays rapidly toward x , y Ñ
`8, we have ż 8
0
ż 8
0
B ix1B
j
x2
f pα1x1`α2x2qdx1dx2
is bounded for any i, j ě 0.
Thus the summation of the values of f pt xq over x running over lattice
points of σ is expressed in series occurring in Euler-MacLaurin formula
involving the L-series.
Theorem 4.6. Under the same assumption on σ as in Thm.4.4, we have
the asymptotic expansion for t P R` and t Ñ 0
ÿ
xPσXZ2
wtσpxq f pt xq „
`
LσˇpBh1,Bh2q ´
|Γσ|
4
Bh1Bh2
˘ ˝ ż
σphq
f pt xqdx
ˇˇˇ
h“0
.
Proof. We note thatż
σphq
f pt xqdx “ t´2
ż
σpthq
f pxqdx .
Applying Thm. 4.4, for t P R`, we have
ÿ
xPσXZ2
wtσpxq f pt xq “
ÿ
γPΓσˇ
´
t´2
2ź
i“1
Lk,λγ,ipt BBhi
q´1
4
Bh1Bh2
¯ż
σphq
f pxqdx
ˇˇˇ
h“0
`Rσk p f qptq,
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with
Rσk p f qptq
“ 1|Γ|
ÿ
γPΓ
ż 8
0
ż 8
0
Qk,λγ,2px2qQk,λγ,1px1qBkx2B
k
x1
f pα1 t x1`α2 t x2qdx1dx2
` 1|Γ|
ÿ
γPΓ
p´1qk´1
ż 8
0
ż 8
0
Qk,λγ,2px2qBkx2 L
k,λγ,1p´Bx1q f pα1 t x1`α2t x2qdx1dx2
` 1|Γ|
ÿ
γPΓ
p´1qk´1
ż 8
0
ż 8
0
Qk,λγ,1px1qLk,λγ,2p´Bx2qBkx1 f pα1 t x1`α2t x2qdx1dx2,
for Γ “ Γσˇ.
Let us change the variables: yi “ t x i for i “ 1,2. Then from the
boundedness of Qk,λγ,i , as f px , yq decays rapidly, one can easily see for
example a summand of Rσk p f qptq in the second line belongs to Opt k´1q
at 0:ż 8
0
ż 8
0
Qk,λγ,2px2qBkx2 L
k,λγ,1p´Bx1q f pα1t x1`α2t x2qdx1dx2
“ t k´2
ż 8
0
ż 8
0
Qk,λγ,2p
y2
t
qBky2 L
k,λγ,1p´tBy1q f pα1 y1`α2 y2qd y1d y2
“ Opt k´1q
Similarly, one can show the rest belongs to Opt k´1q. Thus we conclude
that
Rσk p f qptq “ Opt k´1q.

The asymptotic expansion in theorem 4.6 can be rewritten using todd
power series from lemma 4.2.
Theorem 4.7. For t P R` and t Ñ 0, we have the asymptotic expansionÿ
xPσXZ2
wtσpxq f pt xq „
´
Toddeven
σˇ
pBh1 ,Bh2q´
q
2
Bh1Bh2
¯
˝
ż
σphq
f pt xqdx
ˇˇˇ
h“0
.
4.6. Evaluation of zeta values. Now we apply this to the exponential
series associated to the partial zeta function of an ideal. We saw that
a partial zeta function can be identified with a zeta function of a cone
σ w.r.t. a quadratic form Q. We are going to apply Zagier’s theorem
to evaluate the special values of ζpb, sq at non positive integers. We
apply Thm. 4.7 to obtain the asymptotic expansion of the exponential
series. We take f pt xq “ e´Qpt1{2 x1,t1{2 x2q “ e´Qpx1 ,x2qt . Then we obtain the
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following asymptotic expansion:ÿ
lPσXM
wtσe
´Qplqt „
!
pToddeven
σˇ
pBh1 ,Bh2q ´
q
2
Bh1Bh2
)
˝
ż
σph1,h2q
e´Qpx1 ,x2qtdx1dx2
ˇˇˇ
ph1 ,h2q“0
Theorem 4.8 (Garoufalidis-Pommersheim[12]). For n ě 0, we have
ζpb,´nq “
p´1qnn!
!
Todd
p2n`2q
σˇ
pBh1 ,Bh2q ´ δn,0
q
2
Bh1Bh2
)
˝
ż
σph1,h2q
e´Qpx1 ,x2qdx1dx2
ˇˇˇ
ph1,h2q“0
where
δn,0 “
#
1 if n “ 0,
0 otherwise
Remark 4.9. In [12], they used the exact Euler-Maclaurin formula of
Brion-Vergne([4]) to a cone over a polytope. We apply the version with
remainder term due to Karshon-Sternberg-Weitsman in [22]. Since this is
a formula with remainder, we have a direct method to evaluate the zeta
values at nonpositive integers.
5. ADDITIVITY OF TODD SERIES AND CONE DECOMPOSITION
In this section, we recall some technic used in [12] concerning addi-
tive decomposition of the Todd series w.r.t. cone decomposition.
Todd series does not allow decomposition in its original shape until we
normalize. The normalized todd power series Sσ for a cone σ is defined
as follows:
Sσpx1, x2q “
1
detpAσqx1x2
Toddσpx1, x2q.
One should note that different choice of the orientation of the same
underlying cone yields the opposite sign in the normalized Todd series
and interchanges the two variables. This is contrary to the original Todd
series case, where the similarity class is determined by the sign.
Let vi P R2 for i “ 1,2,3 be pairwise linearly independent primitive
lattice vectors in a half-plane. An ordered pair pvi, v jq for i ‰ j deter-
mines a lattice cone σi j “ σi jpvi, v jq with orientation.
In this case, we write formally
σi j `σ jk “ σik.
Then we have the following:
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Theorem 5.1 (Garoufalidis-Pommersheim [12]). For i “ 1, ¨ ¨ ¨ , r ` 1,
let vi be pairwise linearly independent lattice points in a half plane of R
2.
We define cones
σi :“σipvi, vi`1q, σ :“σpv1, vr`1q
Thus
σ “ σ1`σ2` ¨ ¨ ¨ `σr .
Then
Sσpx1, x2q “
rÿ
i“1
SσipA´1σi Aσpx1, x2q
tq.
In particular, if every σi is nonsingular(i.e. detpAσiq “ ˘1) for i “
1,2, . . . , r,
Sσpx1, x2q “
rÿ
i“1
detpAσiqFpA´1σi Aσpx1, x2q
tq,
where Fpx1, x2q “ 11´e´x1
1
1´e´x2
.
Proof. See Thm. 2 in [28]. 
Remark 5.2. Abusing the notation, we denote σpv2, v1q by ´σpv1, v2q.
Actually by definition of Todd power series of cone above, we easily find
that
Toddσpx1, x2q “ Todd´σpx2, x1q.
The matrix A´1
σ
represents the linear transformation v1 ÞÑ e1, v2 ÞÑ e2.
So we have A´1´σ “
ˆ
0 1
1 0
˙
Aσ. Let A
´1
σ
“
ˆ
w1
w2
˙
for two row vectors w1,
w2. Then A
´1
´σ “
ˆ
w2
w1
˙
. Therefore,
ToddσpA´1σ px1, x2qtq “ Toddσp


w1, px1, x2q

,


w2, px1, x2q
q
“ Todd´σp


w2, px1, x2q

,


w1, px1, x2q
q
“ Todd´σpA´1´σpx1, x2qtq.
(5.1)
Thus one can see easily that for the additivity theorem to hold the orienta-
tion of σ does not make any problem.
6. CONE DECOMPOSITION AND CONTINUED FRACTION
In this section, we will decompose the cone σpb´1q into nonsingu-
lar cones. This decomposition follows directly the decomposition of the
fundamental cone in the totally positive quadrant of Minkowski space
under the action of the totally positive unit group. This is fairly stan-
dard fact related to desingularization of a cusp of the Hilbert modular
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ι1
ι2
B´3 “ as´2B´2` B1
B0 “ ιp1q
B´1 “ ιpωq
B´2 “ as´1B´1` B0
ιpb´1q Ă KR
FIGURE 2. Bi and the continued fraction rra0, a1, . . . , ar´1ss
surface of the real quadratic field considered. It is described in terms
of the (minus) continued fraction expansion of the reduced basis of b´1
so that the desingularization of the lattice cone σpb´1q in the sense of
toric geometry follows(cf. [11], [14]). We are going to apply Thm. 5.1
to obtain explicit formula of the zeta values using the terms of the posi-
tive continued fraction. One should note that our expression is differed
from [12] in that we use the positive continued fraction instead of the
negative one.
In general, there are many other decompositions possible for a singu-
lar cone. But those lattice cones arising from a singular cone but for a
totally real field and the action of the totally positive units has a decom-
position after the shape of its Klein polyhedron which is a geometric real-
ization of a continued fraction. In 2 dimension, this appears as follows:
In each quadrant of KR, we take the convex hull of b
´1 “ r1,ωs and
union the polygonal hulls. This is the Klein polyhedra of the ideal lattice
b´1. One can further assume ω is a reduced basis:ω ą 1, ´1 ă ω1 ă 0
for ω P K . Then ω has purely periodic positive continued fraction ex-
pansion
ω“ rra0, a1, ¨ ¨ ¨ , ar´1ss.
Let tB2iu (resp. tB2i`1u) be the vertices of the convex hull of ιpb´1q
in the 1st (resp. the 4th) quadrant of R2 with B0 “ ιp1q,B´1 “ ιpωq
and xpBiq ă xpBi´1q, where xp´q is taking the 1st coordinate. These Bi
arising as the vertices of the Klein polyhedron should not be confused
with the Bernoulli numbers.
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Let ℓ be the even period of the continued fraction expansion of ω(ie.
ℓ“ r (resp. 2r) for even r (resp. for odd r).
Bi satisfies a periodic recursive relation read from the continued frac-
tion of ω (cf. [14]):
(6.1) Bi´1 “ aiBi ` Bi`1
Since a successive pair Bi,Bi`1 is a basis of the lattice ιpb´1q in KR, this
yields a change of basis`
Bi´1 Bi
˘“ `Bi Bi`1˘
ˆ
ai 1
1 0
˙
After successive change of basis, we have
(6.2) pBi´1 Biq “ pB´1 B0q
ˆ
aℓ´1 1
1 0
˙ˆ
aℓ´2 1
1 0
˙
¨ ¨ ¨
ˆ
aℓ´i 1
1 0
˙
Let αi,βi be the coordinate of Bi´1 w.r.t. the basis tB´1,B0u:
Bi´1 “ αiB´1`βiB0
Note that the coulumn vector pαi,βiqt is equal to the 1st column of
the matrix
ˆ
aℓ´1 1
1 0
˙ˆ
aℓ´2 1
1 0
˙
¨ ¨ ¨
ˆ
aℓ´i 1
1 0
˙
in (6.2).
As Bi are primitive, so is pαi,βiq in M “ Z2.
In the following, the totally positive fundamental lemma is identified:
Lemma 6.1. Let ε be the totally positive fundamental unit of K. Then
ιpεq “ B´ℓ “ αℓ´1B´1` βℓ´1B0.
Proof. Let εK ą 1 be the fundamental unit of K . Then for the period r of
continued fraction expansion of ω, we have
ιpεKq “ B´r .
See p.40 of [14] for detail. Since the totally positive unit ε is either εK
or ε2K according to the sign of ι2pεKq, we then obtain that ιpεq “ B´ℓ. 
Recall that we associated a lattice cone σpb´1q in R2 to b´1 in Sec. 2.
(6.3) σpb´1q :“σpp0,1q, pαℓ´1,βℓ´1qq.
This corresponds to the cone bounded by ιp1q and ιpεq in KR. For the
rest of this section, only the cone σpb´1q is need to consider to compute
the zeta values. So we will write simply σ instead of σpb´1q.
Lemma 6.2. Let σ “ σpp0,1q, pα,βqq be a lattice cone where α,β are
relatively prime positive integers. Then σˇ the dual cone of σ is similar to
τ“ τpp0,´1q, pα,βqq.
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τ
σ
σˇ
p´β ,αq
pα,βq
p0,1q
FIGURE 3. σ, σˇ and τ
Proof. It is easy to see the dual cone σˇ has primitive basis pp1,0q, p´β ,αqq.
See Fig. 3. Since the rotation by´90 degree belongs to SL2pZq, we have
the desired similarity of the cones. 
After Prop. 4.3 and Lemma 6.2, for b as before, we have
σˇ „ τ :“ τpp0,´1q, pαℓ´1,βℓ´1q
thus
Sσˇpx1, x2q “ Sτpx1, x2q.
Let v´1 “ p0,1q, v0 “ p1,0q and for 1ď i ď ℓ´ 1,
vi “ pαi,βiq,
for αi,βi defined as in Eq.(6.2). Notice that vi corresponds to B´i`1and
v´1, v0 are the two standard basis of M . Then the decomposition of σ
yields that of σˇ:
Proposition 6.3. With above notations, let σ1
0
:“ σ1
0
p´v´1, v0q and
σi :“ σipvi´1, viq,
for i ě 0. Then we have
σˇ „ τ :“ τpν´1,νℓq “ σ10`σ1`σ2`σ3` ¨ ¨ ¨ `σℓ´1.
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Thus we have
Sσˇpx1, x2q “ FpA´1σ10Aτpx1, x2q
tq`
ℓ´1ÿ
i“1
p´1qiFpA´1
σi
Aτpx1, x2qtq.
Proof. First, one should notice that
τ“ σ1
0
`ρ
where ρ “ ρpν0,νℓ´1q(See Fig. 3). Note also
detpAσiq “ det
ˆ
αi´1 αi
βi´1 βi
˙
“ βiαi´1´αiβi´1 “ p´1qi´1.
Hence the decomposition of ρ into nonsingular cones σi
ρ “ σ1`σ2` ¨ ¨ ¨ `σℓ´1
finishes the proof. 
Lemma 6.4. For ´1ď i ď ℓ´ 1, let
Mi :“ p´1qi`1ppβiαℓ´1´αiβℓ´1qx2`αi x1q.
Then we have
Toddσˇpx1, x2q “ αℓ´1x1x2
˜
ℓ´2ÿ
i“´1
p´1qiFpMi,Mi`1q`
1
1´ e´αℓ´1x2
¸
,
where Fpx1, x2q “ 11´e´x1
1
1´e´x2
.
Proof. After simple computation, we obtain that
A´1
σi´1
Aτpx1, x2qt “ pMi`1,Miqt .
Since Fp´x1, x2q ` Fpx1, x2q “ 11´e´x2 , we have
FpC 1´1
0
τpx1, x2qtq ` FpC´10 τpx1, x2qtq
“Fpx1´βℓ´1x2,αℓ´1x2q ` Fp´px1´ βℓ´1x2q,αℓ´1x2q
“ 1
1´ e´αℓ´1x2
Note
det
ˆ
0 αℓ´1
´1 βℓ´1
˙
“ αℓ´1.
If we apply the above to Prop. 6.3, we complete the proof. 
Let Toddσpx1, x2qpnq be the degree n homogeneous part of Toddσpx1, x2q.
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Proposition 6.5. Let
LkpX ,Y q “
2k`1ÿ
i“1
Bi
i!
B2k`2´i
p2k` 2´ iq!X
i´1Y 2k´i`1,
RkpX ,Y q “ X 2k ` X 2k´1Y ` ¨ ¨ ¨ ` Y 2k.
Then we have
Toddσˇpx1, x2qp2k`2q “
αℓ´1
˜
ℓ´2ÿ
i“´1
p´1qiLkpMi`1,Miqx1x2`
ℓ´1ÿ
i“1
p´1qiaℓ´iRkpMi´2,Miqx1x2
B2k`2
p2k` 2q!
¸
` B2k`2p2k` 2q!p´x1M
2k`1
0
` x2M2k`1ℓ´2 q `δk,0
1
2
αℓ´1x1x2.
Proof. From Prop. 6.4, we find that
Toddσˇpx1, x2qp2k`2q “ αℓ´1x1x2
ℓ´2ÿ
i“´1
p´1qiFpMi,Mi`1qp2kq`x1
αℓ´1x2
1´ e´αℓ´1x2
p2k`1q
.
We have
FpMi,Mi`1qp2kq
“
2k`1ÿ
m“1
Bm
m!
B2k`2´m
p2k` 2´mq!M
m´1
i`1 M
2k´m`1
i `
B2k`2
p2k` 2q!
˜
M2k`1i
Mi`1
` M
2k`1
i`1
Mi
¸
“LkpMi`1,Miq `
B2k`2
p2k` 2q!
˜
M2k`1i
Mi`1
` M
2k`1
i`1
Mi
¸
and
αℓ´1x2
1´ e´αs´1x2
p2k`1q
“´ B2k`1p2k` 1q!α
2k`1
ℓ´1 x
2k`1
2
“ δk,0
1
2
αℓ´1x2,
as B2k`1 “ 0 for k ą 0.
Moreover we also have the following:
ℓ´2ÿ
i“´1
p´1qipM´1i`1M2k`1i `M2k`1i`1 M´1i q
“ ´M
2k`1
0
M´1
` M
2k`1
ℓ´2
Mℓ´1
`
ℓ´1ÿ
i“1
p´1qi M
2k`1
i´2 ´M2k`1i
Mi´1
.
(6.4)
As $’&
’%
pα´1,β´1q “ p0,1q
αi`1 “ aℓ´i´1αi `αi´1
βi`1 “ aℓ´i´1βi `βi´1
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we have
M´1 “ β´1αℓ´1x2´α´1p´x1` βℓ´1x2q “ αℓ´1x2,
Mℓ´1 “ βℓ´1αℓ´1x2´αℓ´1p´x1` βℓ´1x2q “ αℓ´1x1.
and
Mi`1 “´aℓ´i´1Mi `Mi´1.
Therefore (6.4) is equal to
´ M
2k`1
0
αℓ´1x2
` M
2k`1
ℓ´2
αℓ´1x1
`
ℓ´1ÿ
i“1
p´1qiaℓ´i
M2k`1i´2 ´M2k`1i
Mi´2´Mi
“´ M
2k`1
0
αℓ´1x2
` M
2k`1
ℓ´2
αℓ´1x1
`
ℓ´1ÿ
i“1
p´1qiaℓ´iRkpMi´2,Miq
(6.5)
Thus we finally complete proof. 
7. SPECIAL VALUES OF ZETA FUNCTION
Now we are going to evaluate the values of ζps,bq at non-positive
integers using the expression of the degree n homogeneous part of the
Todd series made in the previous section. We suppose b is an integral
ideal normalized as in the previous section so that b´1 “ r1,ωs for
ω“ rra0, a1, ¨ ¨ ¨ , ar´1ss.
and ε ą 1 denotes the totally positive fundamental unit of K . Let ℓ be
the even period of continued fraction expansion of ω.
pαi,βiq for i “ 1,2, ¨ ¨ ¨ ,ℓ´ 1, and
pα´2,β´2q “ p1,´a0q, pα´1,β´1q “ p0,1q, pα0,β0q “ p1,0q
are primitive lattice vectors in M . Note that pαi,βiq corresponds to B´i`1
in KR.
Qpx1, x2q :“ Npbqpx1ω` x2qpx1ω1` x2q.
Then the partial zeta function ζps,bq is expressed as (See Prop.2.1.)
ζps,bq “
ÿ
lPM
wt2
σpb´1q
plq
Qplqs .
where
σpb´1q “ σpp0,1q, pαℓ´1,βℓ´1qq.
In Thm.4.8., the partial zeta value is written using the Todd differen-
tial operator of the cone σˇ dual to σ “ σpb´1q. We apply the additivity
of the Todd series(Prop.6.5.) after the cone decomposition of σˇ occur-
ring in the continued fraction of ω to this expression. Then we obtain
the following expression of the partial zeta value:
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(7.1) ζp´k,bq “ p´1qkk!pL `Rq ˝
ż
σphq
e´Qpx1 ,x2qdx1dx2
ˇˇˇ
h“0
where
L :“
ℓ´2ÿ
i“´1
p´1qiLkpMi`1,MiqpBh1 ,Bh2qαℓ´1Bh1Bh2
` B2k`2p2k` 2q!
ℓ´1ÿ
i“0
p´1qiaℓ´iRkpMi´2,MiqpBh1 ,Bh2qαℓ´1Bh1Bh2
(7.2)
and
R :“ B2k`2p2k` 2q!
`´ aℓRkpM´2,M0qpBh1,Bh2qαℓ´1Bh1Bh2 ´Bh1M2k`10 pBh1 ,Bh2q
` Bh2M2k`1ℓ´2 pBh1 ,Bh2q
˘
.
(7.3)
In (7.1), as the differential operators are linear, this expression can be
evaluated one by one. Later in Sec.9 we will prove that the part of (7.1)
involving R vanishes:
(7.4) R ˝
ż
σphq
e´Qpx1 ,x2qdx1dx2
ˇˇˇ
h“0
“ 0
Then it remains only to evaluate the part involving L . First, we need
to rewrite the integral in another coordinate py1, y2q such that px1, x2q “
pαℓ´1 y2,βℓ´1 y2` y1q. So we have σphq in the new coordinate:
σphq “ σph1,h2q
“ ty1v1` y2v2|py1v1` y2v2,u1q ě ´h1, py1v1` y2v2,u2q ě ´h2u
“ tpαℓ´1 y2,βℓ´1 y2` y1q|x1 ě´
h1
αℓ´1
, x2 ě´
h2
αℓ´1
u.
In the new coordinate py1, y2q the integral becomes
ż
σphq
e´Qpx1 ,x2qdx1dx2 “ αℓ´1
ż 8
´
h2
αℓ´1
ż 8
´
h1
αℓ´1
e´Qpαℓ´1 y2,βℓ´1 y2`y1qd y1d y2
“ αℓ´1
ż 8
´
h2
αℓ´1
ż 8
´
h1
αℓ´1
e´NpbqNpεy2`y1qd y1d y2.
(7.5)
This integral applied by αℓ´1Bh1Bh2 is
(7.6) αℓ´1Bh1Bh2
ż
σphq
e´Qpx1 ,x2qdx1dx2 “ e´NpbqNp
h2
αℓ´1
ε`
h1
αℓ´1
q
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The above simplifies (7.1) quite much assuming the vanishing of (7.4):
ζp´k,bq “ p´1qkk!
´ ℓ´2ÿ
i“´1
LkpMi`1,MiqpBh1 ,Bh2q
` B2k`2p2k` 2q!
ℓ´1ÿ
i“0
p´1qiaℓ´iRkpMi´2,MiqpBh1,Bh2q
¯
˝ e´NpbqNp
h2
αℓ´1
ε`
h1
αℓ´1
q
ˇˇˇ
h“0
(7.7)
Lemma 7.1. Let Ai “ αiω` βi. For ´1ď m, l ď ℓ´ 1, we have
MlpBh1,Bh2qiMmpBh1,Bh2q je
´NpbqNp
h2
αℓ´1
ε`
h1
αℓ´1
q|h“0 “
B ih1B
j
h2
e´NpbqNpp´1q
l`1Alh1`p´1q
m`1Amh2q|h“0,
for Mipx1, x2q “ p´1qi`1
`pβiαℓ´1´αiβℓ´1qx2`αi x1˘.
Proof. For simplicity, let ci “ p´1qi`1pβiαℓ´1´αiβℓ´1q and di “ p´1qi`1αi.
By internal change of coordinate ph1,h2q ÞÑ pah1 ` ch2, bh1 ` dh2q, we
have
paBh1`bBh2qipcBh1`dBh2q j f ph1,h2q|h“0 “ B ih1B
j
h2
f pah1`ch2, bh1`dh2q|h“0.
Thus
MlpBh1,Bh2qiMmpBh1 ,Bh2q j ˝ e
´NpbqNp
h2
αℓ´1
ε`
h1
αℓ´1
q|h“0
“pdlBh1 ` clBh2qipdmBh1 ` cmBh2q j ˝ e
´NpbqNp
h2
αℓ´1
ε`
h1
αℓ´1
q|h“0
“B ih1B
j
h2
˝ e´NpbqNp
dl h1`dmh2
αℓ´1
ε`
cl h1`cmh2
αℓ´1
q|h“0
We note that
βℓ´1di ` ci “ p´1qi`1βiαℓ´1.
Since ε“ αℓ´1ω` βℓ´1, we have
pdlh1` dmh2qε` clh1` cmh2
“pdlβℓ´1` clqh1` pdmβℓ´1` cmqh2` pdlh1` dmh2qαℓ´1ω
“αℓ´1
´
pp´1ql`1αlh1` p´1qm`1αmh2qω` p´1ql`1βlh1` p´1qm`1βmh2
¯
“αℓ´1pp´1ql`1Alh1` p´1qm`1Amh2q

We note that
NpbqNpp´1ql`1Alh1` p´1qm`1Amh2q
“Qpp´1ql`1αlh1` p´1qm`1αmh2, p´1ql`1βlh1` p´1qm`1βmh2q,
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for a binary quadratic formQpx , yqwith degree 2 and i, j with i` j “ 2k,
we have
B ih1B
j
h2
e´Qph1 ,h2q
ˇˇˇ
h“0
“ p´1qk 1
k!
Bhi
1
Bh j2Qph1,h2qk
ˇˇˇ
h“0
Thus, from (7.6) (7.7) and Lemma 7.1, we have finished the proof of
our second main theorem(Thm. 1.2).
ζp´k,bq “
ℓ´1ÿ
i“0
p´1qi´1LkpBh1,Bh2qQpαih1´αi´1h2,βih1´βi´1h2qk
ˇˇˇ
h“0
` B2k`2p2k` 2q!
ℓ´1ÿ
i“0
p´1qiaℓ´iRnpBh1,Bh2qQpαi´2h1`αih2,βi´2h1` βih2qk
ˇˇˇ
h“0
.
Remark 7.2. We have obtained a polynomial expression of the zeta value
in variables αi,βi and the coefficients of the quadratic form Qpx , yq. For
the polynomial expression, it is important to show the vanishing (7.4). In
Sec. 9, there appear α0,αℓ´1 in the denominator of the vanishing expres-
sion involving the R-operator. This is a crucial ingredient of the Kummer
congruence and the corresponding p-adic zeta function.
8. COMPUTATION OF ζp´k,bq FOR k “ 0,1 AND 2
In this section, we evaluate the zeta values ζp´k,bq explicitly for small
n. We express the values in terms of the continued fraction expansion
rra0,a1, . . . , aℓ´1ss of the reduced basis ω of b´1.
8.1. k=0. For k “ 0, the zeta value is already known by C. Meyer([27])
in terms of negative continued fraction. Using the plus-to-minus conver-
sion formula of continued fraction
δ “ω` 1 “ rra0, a1, . . . , aℓ´1ss ` 1
“ ppa0` 2,2, . . . , 2, a2` 2,2, . . . , 2, a4` 2, . . . , aℓ´2` 2,2, . . . , 2qq
“ ppb0, b1, . . . , bm´1qq
(8.1)
one obtains the result in positive continued fraction.
In our approach, we begin with the expression using positive contin-
ued fraction as a special case of Thm.1.2:
ζp0,bq “ B2
2
ℓ´1ÿ
i“0
p´1qiaℓ´i
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Since B2 “ 1{6 and ℓ is the even period of the continued fraction, this
reduces to
(8.2) ζp0,bq “ 1
12
ℓ´1ÿ
i“0
p´1qiai
Via (8.1), one recovers the result of Meyer:
ζp0,bq “ 1
12
m´1ÿ
i“0
pbi ´ 3q,
where bi is the i-th term of the negative continued fraction.
Remark 8.1. Note that using the positive continued fraction, we have an
alternating sum for the zeta value. Consequently, one sees directly the van-
ishing of ζp0,bq when the actual period of the positive continued fraction
of ω is odd (equivalently, if the fundamental unit is not totally positive).
8.2. k=1 and 2. For Qpx1, x2q “ NpbqNpx1ω` x2q, let Li, Mi and Ni be
defined as in
Qpαih1´αi´1h2,βih1´ βi´1h2q “ Lih21`Mih1h2` Nih22
Similarly, L˜i, M˜i and N˜i are defined as follows:
Qpαi´2h1`αih2,βi´2h1` βih2q “ L˜ih21` M˜ih1h2` N˜ih22
Then the special value at s “´1 is computed out as follows:
ζp´1,bq “
ℓ´1ÿ
i“0
p´1qi´1B
2
2
4
Mi `
B4
4!
ℓ´1ÿ
i“0
p´1qiaℓ´ip2L˜i ` M˜i ` 2N˜iq
“ 1
720
ℓ´1ÿ
i“0
p´1qi´1 `5Mi ` aℓ´ip2L˜i ` M˜i ` 2N˜iq˘
Similarly for s “´2,
ζp´2,bq “
1
15120
ℓ´1ÿ
i“0
p´1qi `21MipNi ` Liq ` 2aℓ´i `6L˜2i ` 3L˜iM˜i ` M˜2i ` 2L˜iN˜i ` 3M˜iN˜i ` 6N˜ 2i ˘˘
This should be compared with the expression obtained using nega-
tive continued fraction in [12] and also [34]. They considered the zeta
function of the following quadratic form in view of negative continued
fraction:
Q1px1, x2q :“ NpbqNpx1δ` x2q
for δ “ ω` 1(See (8.1) for negative continued fraction). Let Ai be the
lattice points of the component of the Klein polyhedron of b´1 in the 1st
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quadrant with normalization: A0 “ 1, A´1 “ δ and the 1st coordinate of
Ai increasing according to i. Then we associate a lattice vector ppk,qkq
to Ak for Ak “ ´pkA´1 ` qkA0. pk and qk are obtain from the reduced
fraction of the truncation after k the of the negative continued fraction
δ “ ppb0, b1, . . . , bmqq:
qk
pk
“ pb0, . . . , bk´1q
(This is the last line of pp.18 of [12], where
pk
qk
should be corrected to
qk
pk
as we just wrote above). Similarly, L1i, M
1
i , N
1
i and L˜i
1
, M˜i
1
, N˜i
1
are defined
as the coefficients of quadratic forms:
Q1p´pi´1h1´ pih2,qi´1h1` qih2q “ L1ih21`M 1ih1h2` N 1ih22
and
Q1p´pi´1h1´ pi`1h2,qi´1h1` qi`1h2q “ L˜1ih21` M˜ 1ih1h2` N˜ 1ih22.
In this setting, Garoufalidis-Pomersheim([12]) obtained:
ζp´1,bq “ 1
720
m´1ÿ
i“0
`
5M 1i ` bip´2L˜i ` M˜i ´ 2N˜iq
˘
and
ζp´2,bq “ 1
15120
m´1ÿ
i“0
p´21M 1i pL1i `N 1i q
` 2bip6L˜12i ´ 3L˜1iM˜ 1i ` 2L˜1iN˜ 1i ` M˜ 12´ 3M˜ 1i N˜ 1i ` 6N˜ 12i qq.
It should be also compared with Zagier’s result(eg. for k “ 1) in [34]:
ζp´1,bq “ 1
720
m´1ÿ
i“0
`´2Nib3i ` 3Mi b2i ´ 6Li bi ` 5Miq˘
Remark 8.2. If we use the formula for zeta values using negative contin-
ued fractions as is made by Garoufalidis-Pommersheim and Zagier, one can
still obtain polynomial behavior in a family similar to Sec. 10 after the uni-
formity of the negative continued fractions in the family. But as is known,
there is hardly a direct arithmetic property(eg. regulator) associated to
the negative continued fractions. Actually in [20], [21], the formula for
negative continued fractions, which is developed by Yamamoto([33]) and
Zagier([34], [35]), is used after conversion of positive continued fraction
into negative one. The formula using positive continued fraction simplifies
this unnecessary step and justifies the reason of our earlier results.
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9. VANISHING PART
Now, it remains to show the vanishing of (7.4)
R ˝
ż
σphq
e´Qpx1 ,x2qdx1dx2
ˇˇˇ
h“0
“ 0.
This part is crucial in expressing the zeta values at nonpositive in-
tegers as polynomials of its argument coming from terms of continued
fractions and the coefficients of quadratic forms. The vanishing has been
already observed in related works by Zagier([34]) and Garoufalidis-
Pommersheim([12]) in different settings. In [12], only the vanishing
is mentioned without clear proof. In this section, we will recycle some
notions and ideas from [34].
It suffices to show the vanishing of the following, which equals the
above up to multiplication by a constant.
´
´ aℓRkpM´2,M0qpBh1,Bh2qαℓ´1Bh1Bh2 ´Bh1M2k`10 pBh1 ,Bh2q
`Bh2M2n`1ℓ´2 pBh1 ,Bh2q
¯
˝
ż
σph1,h2q
e´Qpx1 ,x2qdx1dx2
ˇˇˇ
h“0
(9.1)
As M0 “ βℓ´1x2´ x1 and Mℓ´2 “ x2´αℓ´2x1, we have
x1M
2k`1
0
` x2M2k`1ℓ´2
“ 2x2k`2
1
`
2k`1ÿ
i“1
p´1qi
ˆ
2k` 1
i
˙
pβ i
ℓ´1`αiℓ´2qx i2x2k`2´i1 .
(9.2)
Applying B2k`2h1 to (7.5), we obtain
αℓ´1B2k`2h1
ż 8
´
h2
αℓ´1
ż 8
´
h1
αℓ´1
e´NpbqNpεy2`y1qd y1d y2
ˇˇˇ
h“0
“ 1
αℓ´1
ż 8
0
B2k`1h1 e
´NpbqNpε
y2
αℓ´1
´
h1
αℓ´1
q
ˇˇˇ
h1“0
d y2
(9.3)
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If we write Ppx1, x2q “ Npbqα2
ℓ´1
px2
2
`pε`ε1qx1x2` x21q, using (9.2)-(9.3),
one can simplify the 2nd half of (9.1):
´
´Bh1M0pBh1,Bh2q2k`1`Bh2Mℓ´2pBh1 ,Bh2q2k`1
¯
˝
ż
σph1,h2q
e´Qpx1 ,x2qdx1dx2
ˇˇˇ
h“0
“ 1
αℓ´1
2k`1ÿ
i“1
p´1qi
ˆ
2k` 1
i
˙
pβ i
ℓ´1`αiℓ´2qB i´1h2 B
2k`1´i
h1
˝ e´Pph1,h2q
ˇˇˇ
h“0
` 2
αℓ´1
ż 8
0
B2k`1x1 e
´Pp´x1,x2q
ˇˇˇ
x1“0
dx2
(9.4)
From M´2 “ pa0αℓ´1`βℓ´1qx2´ x1 and M0 “ βℓ´1x2´ x1, we have
(9.5)
RkpM´2,M0q “
2k`1ÿ
i“0
p´1qi`1
ˆ
2k` 1
i
˙ pa0αℓ´1`βℓ´1qi ´ β iℓ´1
a0αℓ´1
x i´1
2
x2k`1´i
1
.
From (9.4) and (9.5), we obtain the following lemma:
Lemma 9.1. Let Ppx1, x2q “ Npbqα2
ℓ´1
px2
2
` pε` ε1qx1x2` x21q. Then we have´
´ aℓRkpM´2,M0qpBh1 ,Bh2qαℓ´1Bh1Bh2 ´Bh1M2k`10 pBh1 ,Bh2q
` Bh2M2n`1ℓ´2 pBh1 ,Bh2q
¯
˝
ż
σphq
e´Qpx1 ,x2qdx1dx2
ˇˇˇ
h“0
“ 1
αℓ´1
2kÿ
i“0
p´1qi`1
ˆ
2k` 1
i` 1
˙`pa0αℓ´1` βℓ´1qi`1` pαℓ´2qi`1˘B ih2B2k´ih1 ˝ e´Pphq
ˇˇˇ
h“0
` 2
αℓ´1
ż 8
0
B2k`1x1 e
´Pp´x1,x2q
ˇˇˇ
x1“0
dx2.
Lemma 9.2. For the totally positive fundamental unit εą 1, we have
ε` ε1 “ a0αℓ´1` βℓ´1`αℓ´2.
Proof. We note that
δ :“´ 1
ω1
“ rraℓ´1, aℓ´2, ¨ ¨ ¨ , a0ss.
Thus
δ “
ˆ
aℓ´1 1
1 0
˙ˆ
aℓ´2 1
1 0
˙
.....
ˆ
a0 1
1 0
˙ˆ
δ
1
˙
“ αℓδ`αℓ´1
βℓδ` βℓ´1
.
And we have
αℓ´1ω
2´ pαℓ´βℓ´1qω´ βℓ “ 0.
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Finally we have
ω`ω1 “ αℓ´ βℓ´1
αℓ´1
.
ε` ε1 “ αℓ´1pω`ω1q ` 2βℓ´1 “ αℓ` βℓ´1
Thus
ε` ε1´ βℓ´1´αℓ´2
αℓ´1
“ a0.

From Lemma 9.2, if we let a0αℓ´1`βℓ´1 “´a, αℓ´2 “´b and Npbqα2
ℓ´1
“
A then we find that ε`ε1 “´pa` bq. Hence one can rewrite Lemma 9.1
as follows:
2kÿ
i“0
p´1qi`1
ˆ
2k` 1
i ` 1
˙`pa0αℓ´1`βℓ´1qi`1` pαℓ´2qi`1˘B ih2B2k´ih1 ˝ e´Pph1,h2q
ˇˇˇ
h“0
` 2
ż 8
0
B2k`1x1 e
´Pp´x1 ,x2q
ˇˇˇ
x1“0
dx2
“
2kÿ
i“0
ˆ
2k` 1
i ` 1
˙
pai`1` bi`1qB ih2B
2k´i
h1
˝ e´Aph22´pa`bqh1h2`h21q
ˇˇˇ
h“0
` 2
ż 8
0
B2k`1x1 e
´Apx22`pa`bqx1 x2`x
2
1q
ˇˇˇ
x1“0
dx2.
(9.6)
Hence it remains to show vanishing of the right hand side of (9.6):
2kÿ
i“0
ˆ
2k` 1
i` 1
˙
pai`1` bi`1qB ih2B
2k´i
h1
˝ e´Aph22´pa`bqh1h2`h21q
ˇˇˇ
h“0
` 2
ż 8
0
B2k`1x1 e
´Apx22`pa`bqx1 x2`x
2
1q
ˇˇˇ
x1“0
dx2.
(‹)
For the proof, we introduce fkpα,β ,γq and dr,kpα,β ,γq as follows:ż 8
0
B2k`1x1 e
´pαx22`β x1 x2`γx
2
1q
ˇˇˇ
x1“0
dx2 “´
p2k` 1q! fkpα,β ,γq
2γk`1
(9.7)
2kÿ
i“0
di,2k´ipα,β ,γqx i1x2k´i2 “ pαx21 `β x1x2` γx22qk(9.8)
These numbers are originally appeared in [34]. One should see that
fkpα,β ,γq is odd function w.r.t. β :
fkpα,β ,γq` fkpα,´β ,γq “ 0.
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One can identify di,2k´ipα,´β ,γq in the following expression:
B ix1B
2k´i
x2
e´pαx
2
1´β x1 x2`γx
2
2q
ˇˇˇ
px1,x2q“p0,0q
“ p´1q
k
k!
B ix1B
2k´i
x2
pαx2
1
´ β x1x2` γx22qk “
p´1qk
k!
i!p2k´ iq!di,2k´ipα,´β ,γq.
From this, one can rewrite the 1st line of (‹) as
2kÿ
i“0
ˆ
2k` 1
i` 1
˙
pai`1` bi`1qB ih2B
2k´i
h1
˝ e´Aph22´pa`bqh1h2`h21q
ˇˇˇ
h“0
“ p´1q
k
k!
p2k` 1q!
2kÿ
i“0
ai`1` bi`1
i ` 1 di,2k´ipA,´Apa` bq,Aq
(9.9)
The 2nd line of (‹) is, from the definition of fkpα,β ,γq,
(9.10)
2
ż 8
0
B2k`1x1 e
´Apx22`pa`bqx1 x2`x
2
1q
ˇˇˇ
x1“0
dx2 “´p2k` 1q!
fkpA,Apa` bq,Aq
Ak`1
.
Now, we are going to use an identity relating fkpα,β ,γq and di,2k´ipα,´β ,γq
due to Zagier:
Lemma 9.3 (Zagier(Prop. 4 of [34])). For a real number λ, we have
fkpα,β ,γq` fkpγ, 2λγ´ β ,λ2γ´λβ `αq
“ 2p´1q
k
k!
γk`1
2kÿ
i“0
di,2k´ipα,´β ,γq
λi`1
i` 1.
If we put α “ A,β “ Apa` bq,γ “ A and λ “ a (resp. λ “ b) into the
above, we obtain
fkpA,Apa` bq,Aq ` fkpA,Apa´ bq,Ap´ab` 1qq
“ 2p´1q
k
k!
Ak`1
2kÿ
i“0
di,2k´ipA,´Apa` bq,Aq
ai`1
i ` 1
and
fkpA,Apa` bq,Aq ` fkpA,Apb´ aq,Ap´ab` 1qq
“ 2p´1q
k
k!
Ak`1
2kÿ
i“0
di,2k´ipA,´Apa` bq,Aq
bi`1
i ` 1.
As fk is odd function of its 2nd argument, summing the above two
equations, we have
fkpA,Apa` bq,Aq
Ak`1
“ p´1q
k
k!
2kÿ
i“0
di,2k´ipA,´Apa` bq,Aq
ai`1 ` bi`1
i` 1 .
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This identifies (9.9) and (9.10) up to sign.
Therefore we concludes the vanishing of (‹).
10. APPLLICATION: POLYNOMIAL BEHAVIOR OF ZETA VALUES AT NONPOSITIVE
INTEGERS IN FAMILY
Until now, we developed a way to compute the partial zeta values
at nonpositive integers for a real quadratic field with a fixed ideal b
via the shape of the continued fraction of ω for b´1 “ r1,ωs. We will
apply this method to certain families of real quadratic fields to prove
the main theorem of this paper(Thm. 1.1). We deal with the same
family of real quadratic fields with ideals fixed as in our earlier works
([20], [21]). In our previous works, the partial Hecke’s L-values and the
partial zeta values of a ray class ideal at s “ 0 are investigated for family
of real quadratic fields. We showed that the values in the family is given
by a quasi-polynomial in variable n which is the index of the family of
real quadratic fields considered. If the conductor is trivial, so that we
consider ideal classes, the values behave actually in a polynomial. This
method was originally observed by Biró and has been main ingredient
to solve class number problems of the real quadratic fields in the family
without relying on the Riemann hypothesis(cf. [2], [3], [5], [6], [7]).
Here we deal with the case when the conductor is trivial. Thus we have
strict polynomial instead of quasi-polynomials.
We generalize the result on the partial zeta values at s “ 0 to every
nonpositive integer s when the conductor is trivial. This means we con-
sider partial zeta function of ideal classes instead of ray classes. So the
scope of partial zeta functions we consider here is narrower than the
previous. But the same method must be applicable to ray class partial
zeta functions. In this case by the same reason quasi-polynomials are
appearing instead of polynomials to give the zeta values at a given non-
positive integer for the same family of ideals. Again this will answer the
same for the partial Hecke L-values at arbitrary non-positive integers.
Recall the conditions on the family pKn,bnq indexed by n P N for a
subset N of N. b´1n “ r1,ωpnqs for a reduced element ωpnq P Kn and
ωpnq “ rra0pnq, a1pnq, ¨ ¨ ¨ , ar´1pnqss
for polynomials aipxq P Zrxs and the quadratic form Npbnqpxωpnq `
yqpxωpnq1` yq associated with bn is expressed as
b1pnqx2` b2pnqx y ` b3pnqy2
for polynomials bipxq P Zrxs.
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Proof of Thm.1.1. Applying Thm.1.2 to the family considered, we have
ζp´k,bnq “
ℓ´1ÿ
i“0
p´1qi´1LkpBh1,Bh2qQpαipnqh1´αi´1pnqh2,βipnqh1´ βi´1pnqh2qk
` B2k`2p2k` 2q!
ℓ´1ÿ
i“0
p´1qiaℓ´ipnqRkpBh1 ,Bh2qQpαi´2pnqh1`αipnqh2,βi´2pnqh1`βipnqh2qk.
Since Qp´q is a quadratic form and aipnq, bipnq,αipnq,βipnq are poly-
nomials, it is clear that ζp´k,bnq is a polynomial in n.
Notice that
degαi ě degβi
and
degαi ě degαi´1.
Thus, the highest degree term comes from the summand with i “ ℓ´ 1.
Putting altogether, we obtain the denominator Ck as well as the degree
m“ kC ` D for the explicitly given C , D. 
Remark 10.1. One should notice the independence of n of the denominator
Ck of ζp´k,bnq. A priori this is invariant in the family. It is important to
control the denominator to interpolate the associated p-adic zeta function
from the values at negative integers(cf. [9], [10] and [24]).
For the rest of the paper, for a number field K , let us denote the ring
of integers by OK .
Example 10.2. Consider the family pKn “Qp
?
n2` 2q,bn “ OKnq. Then
b´1n “ OKn “ r1,ωns
for ωn “ rr2n,nss.
Then we have
ζp0,bnq “ n12
ζp´1,bnq “ ´19n360 `
n3
40
ζp´2,bnq “ 2n45 ´
n3
945
´ 23n5
1890
ζp´3,bnq “ ´2159n25200 `
137n3
25200
´ 59n5
840
` 3n7
56
ζp´4,bnq “ 68n231 ´
797n3
6930
` 689n5
1155
` 134n7
1155
´ 2878n9
10395
ζp´5,bnq “ ´11947883n7567560 `
29660563n3
22702680
´ 26073083n5
5675670
´ 7603n7
2310
´ 145933n9
135135
` 351719n11
135135
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Example 10.3. Let Kn “ Qp
?
16n4` 32n3` 24n2` 12n` 3q and bn “
OKn. Then b
´1
n “ OKn “ r1,ωns for ωn “ rr8n2` 8n` 2,2n` 1ss.
ζp0,bnq “ 112 `
n
2
` 2n2
3
ζp´1,bnq “´ 772 ´
13n
20
´ 11n2
9
` n3
45
` 34n4
15
` 104n5
45
` 32n6
45
ζp´2,bnq “ 5032520 `
2773n
1260
` 8473n2
945
` 13009n3
945
´ 6898n4
945
´ 360n5
7
´ 6208n6
105
´ 3328n7
315
` 25472n8
945
` 18944n9
945
` 4096n10
945
ζp´3,bnq “´ 823840 ´
7762n
525
´ 193469n2
2100
´ 309377n3
1050
´ 232553n4
525
` 143188n5
1575
` 2707724n6
1575
` 5759672n7
1575
` 7377392n8
1575
` 7421248n9
1575
` 147072n10
35
` 4862464n11
1575
` 830464n12
525
` 249856n13
525
` 32768n14
525
ζp´4,bnq “10661311880 `
262407n
1540
` 1957759n2
1386
` 23147174n3
3465
` 203979376n4
10395
` 365417032n5
10395
` 257724232n6
10395
´ 764543312n7
10395
´ 1238665888n8
3465
´ 3134586496n9
3465
´ 3314036224n10
2079
´ 4177427456n11
2079
´ 880111616n12
495
´ 2179907584n13
2079
´ 27426816n14
77
´ 86638592n15
3465
` 22151168n16
693
` 12058624n17
945
` 16777216n18
10395
ζp´5,bnq “´ 461752734398 ´
52647823n
17199
´ 71296254191n2
2270268
´ 22288517357n3
115830
´ 2248765926611n4
2837835
´ 202240251208n5
85995
´ 1639280941052n6
315315
´ 7365379306328n7
945945
´ 45593045200n8
51597
` 124808351658752n9
2837835
` 501230433622144n10
2837835
` 1216530615292672n11
2837835
` 421424974443008n12
567567
` 2733316068964352n13
2837835
` 301312337145856n14
315315
` 694067022135296n15
945945
` 416253219504128n16
945945
` 84428067700736n17
405405
` 223080016510976n18
2837835
` 13420435865600n19
567567
` 15443400065024n20
2837835
` 481111834624n21
567567
` 185488900096n22
2837835
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